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Canonical Symmetries in the Functional Formalism

Zi-ping Li'* and Bao Jun?®
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Based on the phaserspace generating functional of the Green function, the
canonical Ward identities (CWI) under local, nonlocal, and global transformations
in phase space for a system with a regular and singular Lagrangian have been
derived. The relation of global canonical symmetries to conservation laws at the
quantum level is presented. The advantage of this formulation is that one does
not need to carry out the integration over canonical momenta in a phase>space
path (functional) integral as in the traditional treatment in configuration space.
In general, the connection between global canonical symmetries and conservation
laws in classical theories is no longer preserved in quantum theories. Applications
of our formulation to the non»Abelian Chern—Simons (CS) theory are given, and
new forms for CS gaugerghost field proper vertices and the quantal conserved
angular momentum of this system are obtained; this angular momentum differs
from the classical one in that one needs to take into account the contribution of
angular momenta of ghost fields.

1. INTRODUCTION

The relation of global symmetries to conservation laws is usually referred
to as the first Noether theorem.""? This theorem says that to each symmetry
of an action integral of the system there corresponds a conserved current.

The second Noether theorem refers to invariance of the action integral
under an infinite continuous group (local symmetry), and this local invariance
implies that there exist differential identities (Noether identities) for such a
system. Noether identities correspond to Ward (or Ward—Takahashi) identities
in quantum theory. Classical Noether theorems and Ward identities are usually
formulated in terms of Lagrange’s variables in configuration space.®*

The invariance under the continuous group in terms of the canonical
variables in classical theory has been developed in refs. 5—7. Ward identities
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relating the Green function in QED were obtained by Ward® and Takahashi.”’

In the non>Abelian theories their role is played by the so>called generalized
Ward identities, first obtained by Slavnov!'? and Taylor.""

Ward identities and their generalization play an important role in modern
quantum field theory. They are useful tools for the renormalization of field
theory and for calculations in practical problems (for example, in QCD).
Ward identities have been generalized to supersymmetry,'? superstring theo»
ries,""? and other problems.

All the derivations for Ward identities in the functional (path) integration
method are usually performed by using a configurationyspace generating
functional, ¥ which is valid for the case where the phaserspace path integral
can be simplified by carrying out explicit integration over canonical momenta;
then the phase»space generating functional can be represented in the form of
a path integral only over the coordinates (or field variables) of the expression
containing a certain Lagrangian (or effective Lagrangian) in configuration
space. In the case where the “mass” depends on coordinates>'® or on
coordinates and canonical momenta,"'” one obtains an effective Lagrangian
in the configuration>space path integral which shows singularities with a &
function in both cases. Generally, for a constrained Hamiltonian system with
complicated constraints"® it is very difficult or even impossible to carry out
the integration over canonical momenta in the phase)space path integral.

Phase>space path integrals are much more fundamental than configura>
tiomspace path integrals.'” The latter provide a Hamiltonian quadratic in
the canonical momenta, whereas the former apply to arbitrary Hamiltonians.
The phase>space form of the path integral is a necessary precursor to the
configurationyspace form. The phase>space path integral formalism makes
the symmetries of the system manifest in quantum theories.

The study of symmetry in the pathyintegration method has a more
important sense. Preliminary discussions of the global and local canonical
symmetry for a quantum system were given in refs. 20 and 21. In the quantum
theories of the Yang—Mills field® and the conformal transformation of
quantum fields in gauge theories'”*** a nonlocal transformation was intro»
duced and some applications given. In present paper, the nonlocal symmetries
in phase space at the quantum level and other problems will be further studied.

The paper is organized as follows. In Section 2, based on the phase»
space generating functional of the Green function, we derive the CWI under
local and nonlocal transformations in phase space for a system with a regular
or singular Lagrangian, respectively. This formulation differs from the tradi>
tional treatment in configuration space in that we do not need to carry out
the integration over canonical momenta in the phaserspace path integral. In
Section 3 the CWI for global transformation is also deduced; the relations
among Green functions can be obtained immediately. In Section 4 we find
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the quantum analogue of the first Noether theorem in the canonical formalism
by subjecting the phase>space path integral to an infinitesimal global transfor
mation of variables along the symmetry direction; the canonical Noether
theorem at the quantum level has been established. In general, the connection
between global symmetries and conservation laws in classical theories® is
no longer preserved in quantum theories. In Section 5 the applications of the
theory to the nom>Abelian CS theory are given, a new form for CS gauge»
ghost field proper vertices, and the conserved angular momentum at the
quantum level of this system are obtained; this angular momentum differs
from the classical one in that one needs to take into account the contribution
of the angular momenta of ghost fields. The problem of fractional spin for
the non>Abelian CS fields coupled to spinor fields needs further study.

2. CANONICAL WARD IDENTITIES FOR LOCAL AND
NONLOCAL TRANSFORMATIONS

2.1. A System with a Regular Lagrangian

Let us first consider a physical field defined by the field variable @(x)
and the motion of the field described by a regular Lagrangian L(Q, ©),
Qu = Ou@ = 0@/ox", where x = (¢, x). The canonical Hamiltonian H. =
[d*x ¥, = [ d’x (ne — L) is a functional of independent canonical variables
@(x) and 7t(x), where m(x) = 0%L/0@ is a canonical momentum conjugate to
¢(x). We adopt the pathyintegral quantization for the system; the phase>space
generating functional of the Green function in the form of a path (functional)

integral is®®

2, K] = J YD DT exp i{ r+ J d*x (Jo + Km) } 2.1)
where
Ir = J dix P = J d*x (me — #.) (2.2)

is the canonical action of the system, and . is the canonical Hamiltonian
density. Here we have also introduced the exterior source K with respect to
the canonical momentum 7t, which does not alter the calculation of the Green
function G:

1 0"Z1J. K]
1" 0J(x1)0J(x2) +++ 8J(Xn) = ko

OTHENPEx2) - Hx)|0) (2.3)

G(x1, X2, ooy Xp) =
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Local gauge invariance is now a central concept in modern field theory,
and nonlocal transformations in field theories also have been introduced.**~**
First we consider the properties of the generating functional under general
local and nonlocal transformations with the following form of infinitesimal
transformation in extended phase space:

o= 4 At =M+ REEC(x)

O(x") = @(x) + Ap(x) = ¢@(x) + Aoe°(x) + Jd “x E(x, ¥)Bs(»)e°(y)
T (x") = m(x) + Ant(x) = ®(x) + Use®(x) + J d*y F(x, y)Vs(»)e°(y)
(2.4)

where E(x, y) and F(x, y) are some functions, and RY, As, Bs, Us, and Vs
are linear differential operators,

R =r8%u0, Ao =al"0m,  Bo = b3 0w,  Us = udd
i m
—— —— (2.5)
Ve = v¥0,), pRO = vk ad™ = atve etc.

where r&", a4 bW 4P and v are functions of x, ¢, and T, £°(x) (¢ =

1,2,...,s) are arbitrary infinitesimal functions, and their values and deriva>
tives up to the required order vanish on the boundary of the spacertime
domain. The variation of the canonical action (2.2) under the transformation
(2.4) is given by"®

orr orr
g — 4 — —
Ar de{&p&l)—i_é‘msn
+ Ou[(mp — H)AXM] + D(n&p)} (2.6)
where D = d/dt, and
& _ . _8H. M _ . 8
¢ T o8¢’ st P om 27

3o = Ap — @ AX", ot = A — mAM (2.8)
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The Jacobian of the transformation (2.4) is denoted by J[@, 7, €]. The
generating functional (2. 1) is invariant under the transformation (2.4), which
implies that 6Z/d¢° ‘8 o—9 = 0. We substitute (2.4) and (2.6)—(2.8) into (2.1),
integrate by parts corresponding terms, then functionally differentiate the
results with respect to €°(x) and set J = K = 0, according to the boundary
conditions of the functions £°(x); we obtain®”

or ~ or
J@({) P {JG + AG(Z)(S I( )) + UG(Z)($I(Z))

94
- Ré(z)[m(z) s T ) %’()]

J d*x Bo(z)| E(x, z) S 1(7) + D(7t(x)E(x, Z)):|
J d*x Vgl:F(x z) 581(17)]} exp(il’) = 0 (2.9)
where
o= Slo.m g
° 886(2) =0

and As, Bs, RS, Us, and Vs are adjoint operators with respect to Ay, B,
RY, Us, and Vs, respectively.(zg) In deriving (2.9) we used the condition
Jo, , 0] = 1. The Green function connected with (2.9) is given by

e 1 . 17
o|r {J + AG(Z)(S ()) + Uc(z)( Sn(z))

o o

- RG(Z)((PH(Z) 50(2) +ru) T 51(2)

+ J d*x Bc(z)(E(x z) 851(17) + D(m(x)E(x, 2)))

+ Pl 2)| F(x, 2) 581( ))]}\m\n o0 = 0 (2.10)
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where the symbol 7* stands for the covariantized T product,"® and ‘O) is
the vacuum state of the fields.

Substituting (2.4) and (2.6)—(2.8) into (2.1) and functionally differentiat>
ing the generating functional with respect to £°(x), we obtain

0 o orr |\ = oL
{J + AG(Z)(S ( )) + UG(Z)(S e )) RE(2) ([)YH(Z)(S o + J(z))

+ n,u(z)( 851( 7) + K(z))] + Jd“x |:l§g(z) E(x, 2)( 851(17) + J(x))

+ D(T(x)E(x, z)) + Vo(2)F(x, z)( oL + K(x)):|}

o

4J, K] =
0—>(1/i)d/8J
n—>(1/i)d/8K (21 1)

Om(x)

Expression (2.11) is the canonical Ward identity (CWI) for local and nonlocal
transformations. In the case of a local transformation (E = F = 0), the
Jacobian of the corresponding transformation is independent of £°(x), which
implies that J5 = 0, and from (2.11) we have

~ [ &I ~ oI . [or < orr
CRCRCE
+ Ao — REQuI) + UoK — Ré(n,uK)] ZJ,K1=0 (2.12)

©—>(1/i)d/0J

n—>(1/i)d/18K
When we functionally differentiate expression (2.11) or (2.12) with respect
to the exterior source J, we obtain another CWL. If we replace 7 by 0£/0¢
in (2.11) or (2.12), these CWI can be expressed in terms of variables in
configuration space, and we can obtain relations among the Green functions
in which we do not need to carry out the integration over the canonical

momenta in the phaserspace generating functional (2.1).

2.2. A System with a Singular Lagrangian

Let us now consider a system with a singular Lagrangian £(0%, %)
whose Hess matrix Hop = 0°£/00“0@P is degenerate. Using the Legendre
transformation, one can go over from the Lagrangian description to the
Hamiltonian description, and the motion of the system is described by the
canonial variables, subject to inherent phase>space constraints; this is called
a constrained Hamiltonian system.(lg’”’m Let A%, 7o) = 0 (k = 1, 2,
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..., Kp) be firstrclass constraints, and 0,0%, mo) =0 (i = 1, 2, ..., L)
be second>class constraints. The gauge conditions connecting the first>class
constraints are ( (k = 1,2, ..., Ko). According to the Faddeev—Senjanovic
pathyintegral quantization method,***¥ one can obtain the phase>space gener>
ating functional of a system with a singular Lagrangian as

44, K", J, k. J, K]

= J DO DTy Dy DCy DT DCy DT

X exp{i P + J d*x (Ju®™ + K*Tq + N"hn

+ jCa + ka + jCa + ER]} (2.13)

where
By = J d*x Py = J d*x (L + L+ L) (2.14)
PP = et — K, (2.15)
Lo = M + M + LO; (2.16)

Lop = J d*y [C0 M), QUONICIY) + 2CM0), ;1G] (2.17)

and Ay = (M, A, As), and Cu(x) and Cy(x) are Grassmann variables; 7°(x)
and T’(x) are canonical momenta conjugate to C.(x) and Cs(x), respectively.
Ja, K*, ", j¢, ka, j¢, and k, are exterior sources with respect to ©%, Ta, Am,
C., T, C,, and T, respectively, and {,} denotes the_Poisson bracket. For
the sake of simplicity, let us denote @ =_(@%, A, Co, Co), T = (g, T, T),
J = (Jo, ", j% j9, and K = (K%, ks, ks); thus, expression (2.17) can be
written as

77, K = J@q) 97 exp{i[ﬂéff + J d* (Jo + Kn):|} (2.18)

For a system with a singular Lagrangian, one can still proceed in the
same way as with a regular Lagrangian to deduce the CWI under local and
nonlocal transformations in phase space, but in this case one must use /%y
instead of /7 in the expressions (2.1), (2.2), (2.6), (2.7), and (2.9)—(2.12).
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3. CANONICAL WARD IDENTITIES FOR GLOBAL
TRANSFORMATION

Global symmetries such as Lorentz invariance, conformal symmetry,
BRS and BRST invariance, supersymmetry, Siegel invariance,*” etc., play an
important role in field theories.*> Here we further study the global canonical
symmetry at the quantum level for a system with a singular Lagrangian.

Let us now consider an infinitesimal global transformation in extended
phase space,

o=+ At =M+ e, o, T)
') = 0(x) + Ap(x) = @(x) + &8°(x, ¢, ) (3.1)
m'(x) = m(x) + An(x) = m(x) + eM°(x, @, 7)

where &5 (G = 1, 2, ..., r) are infinitesimal arbitrary parameters, and T™°,

€°, and M° are functions of x, @(x), and 7(x). The variation of the effective
canonical action (2.14) is given by!'¥

. OHer)\ . o . OHur\ o
Amﬁ#u%&—n—sjyé—@ﬂw+(m—5§yn—nww

+ 6u[(n¢ — He)™°] + D[T(E° — (P«uTuG)]} (3.2)

where Her = / d’x Hepr is an effective Hamiltonian connected to the effective

-

Lagrangian Ly = [ d Sy Pr Tt is supposed that the Jacobian of the transforma»
tion (3.1) is equal to unity, and the generating functional (2.18) is invariant
under the transformation (3.1); thus we have

Z1J, K] = J D DT {1 + iABy + igs J d*x [JE° — @ut"°)

o—>(1/1)d/16J

+ K(Mm°® — muth®) + ol (Jo + Kn)r“c]} 2, K] =0
n—>(1/i)d/8K (33)

Therefore, the phase>space generating functional (2.18) satisfies

. OH. . OH.
Jd“x {( —q - &Pff)(éc — @) + (cp —~ 5nff)(n0 — 1,7

+ Ou(T) — Her) T + D[T(ET — @ut®)]
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+ J(E — out) + KM° — muth?)

+ Oul(Jo + Km)T°] J, K] =0 (3.4)
0—>(1/i)d/8J
n—>(1/i)d/18K

If the effective canonical action (2.14) is invariant under the transformation
(3.1), then the generating functional (2.18) satisfies

0 0
4 G __ MO —_— 6 __ UG
de{l(& ™0, 8J)+K(n T 8“8]()

o) o)
+ o I+ Ko Z1J, K] = 0 (3.5)
|: ( 8‘1 8K):|}np»(1/i)5/51

n—>(1/i)d/8K

Expressions (3.4) and (3.5) are the CWI for the noninvariant and invariant
systems under the global transformation in extended phase space, respectively.
We functionally differentiate (3.4) or (3.5) with respect to exterior sources
J(x) many times and put exterior sources equal to zero, J/ = K = 0, to obtain
relationships among the Green functions.

4. GLOBAL CANONICAL SYMMETRIES AND CONSERVATION
LAWS AT THE QUANTUM LEVEL

The global canonical symmetries have been studied®’* in connection
with the conservation laws in the canonical formalism at the classical level.
Now we study the relation of the global canonical symmetries to the conservay
tion laws at the quantum level for a system with a singular Lagrangian.

It is supposed that the variation of the effective canonical action (2.14)
under the global transformation (3.1) is given by

3% = &5 J d*x [0, W' (x, ¢, T) + R°(x, @, )] 4.1)

where W*"° and Q° are functions of x and canonical variables @ and Tt.
Now we localize the transformation (3.1) and consider the following local
transformation connected with the transformation (3.1):

XM= A =+ ee() T, @, T)

P'(x) = 9(x) + Ap(x) = @(x) + es(x)E°(x, @, ™) 4.2)
T'(x") = m(x) + An(x) = nt(x) + es(x)N°(x, @, 1)
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where gs(x) (6 = 1, 2, ..., r) are infinitesimal arbitrary functions and their
values and derivatives vanish on the boundary of the spacetime domain.
Under the transformation (4.2) the variation of the effective canonical action
(2.14) is given by

, Oty o o Oy o
0Ly = J d*x SG(X){ 5 (& — out™) + om " = )

+MW¢—%mﬂﬂ+MM?—QﬂW%

' J d*x {(p — Hem) ™70 eo(x) + ME® — QuT*°)Des(x)} (4.3)

Since the variation of the effective canonical action under the global transfor
mation (3.1) is given by (4.1), then in accord with the boundary conditions
of &5(x), the expression (4.3) can be written as

M&=Jd%%®wmwﬁ—m¢—%mﬂﬂ

— D[R — @ut)] + K% (4.4)

Let us suppose tha the Jacobian of the transformation (4.2) is J[@, T, €]. The
invariance of the generating functional (2.18) under the transformation (4.2)
implies that

oZ

Sto() -0

e5(x)=0

Substituting (4.2) and (4.4) into (2.18) and functionally differentiating it with
respect to &s(x), one obtains

ng DTAOWHT — (P — Her)T] — D[T(E° — @) + R° + J§ + MO}

X exp{iJ d*x (P + Jo + Kn)} =0 (4.5)
where
Oeq(x) 6 =0

M® = JE — @ut"°) + K° — mut) (4.7)
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Functionally differentiating (4.5) with respect to J(x) a total of n times,
one obtains

J DO DT ({OW[WH° — (TP — He)T"°] — D[T(E° — @uT"°)] + R°

+ I8+ M) Q(x2) -+ @) =1 Y @(x1) -+ @O-1)@(x1) +++ @(xn)
J

X N°3(x — x;) exp{i J d*x (o + Jo + Kn)} =0 (4.8)

where
N° =E° — @, 4.9)
Let J = K = 0 in (4.8); one gets
[0[T*{8,[W"" — () — Her)T') — DIN(E" — Put®)]
+ R+ ISe@) - 0(x)|0)
=iy O[T *p(x1) -+ GL5-1)(xe1) - PEIN0S(x — ) (4.10)

where T* stands for the covariantized T product.*'¥) Fixing ¢ and letting

h, by ..., I;m—> +OO, Lty T2y « ooy Bp —> =

and using the reduction formula,""

we can write equation (4.10) as
(out, m{BWH — (1) — Her)*]
— D[T(E° — @) + R° + 18}\n — m, in) = 0 (4.11)
Since m and n are arbitrary, we have
WM — (m@ — H)ent° — D[T(E® — @) + R+ J§ =0 (4.12)

We take the integral of (4.12) on the 3>dimensional space; if we assume that
the fields have a configuration which vanishes rapidly at spatial infinity, then
using the Gauss theorem, we obtain

D J d*x [T(E° — @uT°) — Hent"® — W) = J dx (R° +J%) (4.13)

Consequently, we obtain the following theorem: If an effective Lagrangian
S [see Eq. (2.14)] in phase space is invariant up to a 4>dimensional diver
gence term under the global transformation (3.1), i.e., R° = 0, in (4.1), and
the Jacobian of the corresponding (4.2) is independent of es(x), J§ = 0, then
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there are conserved quantities at the quantum level for such a system with
a singular Lagrangian:

0° = J d’x [T(E° — @uT"%) — Het"® — WO (4.14)

These results hold true for anomaly>free theories. The conserved quantities
(4.14) correspond to the classical conservation laws derived from the canoni
cal Noether theorem.®® For a system with a regular Lagrangian, there is no
constraint in phase space for such a system. The generating functional for
this system is given by (2.1). If the canonical action /7 is invariant under the
global transformation in phase space and the Jacobian of the corresponding
local transformation is equal to unity, then one can still proceed in the same
way to obtain the quantal conserved quantities, but in this case one must use
7. instead of e in expression (4.14). The connection between the symmet»
ries and conservation laws at the quantum level differs from classical theory
in that one must require that the Jacobian of the transformation be equal to
unity. For a system with a singular Lagrangian, the canonical Noether theorem
in classical field theory says that if the canonical action is invariant under a
global transformation in phase space and the constraints (the equations of
motion are determined by those constraints) are invariant under the substantial
variation induced by such a global transformation, then there are conservation
laws at the classical level. In the quantum theory, for the existence of the
conserved quantities (4.14) one needs further to require that the whole con
straints (including the gauge constraints) are invariant under the corresponding
global transformation in phase space, i.e., the transformation must lie in the
constrained hypersurface, so one can be sure that the effective canonical
action is invariant under such a global transformation, and the Jacobian of
the corresponding transformation is equal to unity. Therefore the relation of
canonical symmetry to conservation laws at the quantum level is different
from the classical case.

The advantage of this formulation is that one does not need to carry out
explicitly the integration over the canonical momenta in the phaserspace
generating functional. Thus, this formulation can apply to the more gen>
eral case.

5. NON-ABELIAN CHERN-SIMONS THEORY

Numerous recent work on (2+1)>dimensional gauge theories with
Chern—Simons (CS) terms in the Lagrangian have revealed the occurrence
of fractional spin and statistics.*’*® These quantum theories are frequently
used in condensed matter studies, such as the quantum Hall effect and high>
T. superconductivity.®” theories with a nom>Abelian CS term coupled to
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matter fields have also been studied.“**"” Now we give some preliminary
applications of the canonical symmetry at the quantum level to non»Abelian
CS theory.

Proper Vertices

We start by considering the following singular Lagrangian density*?:
— l a apv i 1P 6 a qa l ubc qa 4b 4c
¥ = 4 FiF™ + an WAvAy + 3/‘ AL Av Ay

+ \yH DV — myy (5.1)

describing the matter field Y coupled to non>Abelian CS theories in (2+1)
dimensions; = Y“T“, where the T are the generators of the gauge group.
D, stands for the covariant derivative, and

v = Oudy — OV AL + [ AL A (5.2)
The gauge invariance of the non»Abelian CS term requires the quantization

of the dimensionless 0, 0 = n/4n (n € 7).+ _
The canonical momenta connected with A, V¢, and y* are denoted by

7!, T, and T, respectively. The constraints for this model are®?
Af=mnf~0 (5.3)
00 =T, + Yo ~ 0 (5.4)
0 =m,~0 (5.5)

¢ = e, + TV + O — Al + ﬁ e’0,4¢  (5.6)

¢ and A3 are first>class constraints, 0f and 05 are secondsclass constraints.
According to the rule of pathyintegral quantization following the Fad»
deev—Senjanovic formalism,***¥ for each first>class constraint, one must
choose a gauge condition. The radiation gauge condition was chosen in ref.
42. However, this gauge condition is not consistent with the equations of
motion of the system because of the existence of the matter field.®**" We
choose other gauge conditions to study this problem. Consider the Cow
lomb gauge

Q5 =044~0 (5.7)

The consistent requirement of the gauge constraint Q4 ~ 0, Qf ~ 0 implies
another gauge constraint:
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Qf = ol + V24§ — f 4045~ 0 (5.8)

It is easy to check that the factor {0{, 65} is independent of field variables;
thus, one can omit this factor from the generating functional. We have

det{A{(x), Qi(y)} = det M’ (5.9)
where
M® = 8V — [ 40)d(x — ) (5.10)

Since the theory is independent of the gauge, the factor 8(0'A%) det M can
be replaced by 8(d" A det M$,**? where

M%b — (Sab@Z _fubcAﬁéu)S(x — y) (511)

Hence, the phase>space generating functional of the Green function for this
model can be written as

47, KN K.MKo, GG E XY

= J B ADTEDY DT,
X DG 7,9 C D C DD D Vi, exp{iJ A [y + TR AL + Kt

+ ﬁa\lla + E{zKl + ﬁana + Ev(zt,na + Z{zca + Eaga + é;é)\/;é + X;c(o;c + Y;éV;é]}

(5.12)

where
é‘£€ff =4+ ££m + ££gh (513)
:817 — T[ZlAﬁ + E{z\‘lja + ma a __ %c (514)

Lo = VIOE + MAL + o/ Qi =4, Q8 =044 (5.1
Pon = CMEPC’ = =3 C D C? (5.16)

It is easy to verify that the Lagrangian &7 + £, is invariant under the
following nonlocal transformation***:
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(V' = () = V() () TW(x), 7'(x) = mx) — in(x)e’(x)Ts

V'(x) = W) = V(e @), ()= T(x) + ie”(x) T T(x)

A (x) = Aj(x) + D5ue(x), mh (x) = mh(x) + f&TH(x)e%(x)

< Ca'(x) — Ca(x) + i(TG)ab G(X)C (X) (517)

€)= C() = iC°(To) () + L ,[C7(0)(T) "0"e"()

"I\he last equation of (5.17) can be written as
C¥(x) = C(x) — iC'(x)(To)""e°(x)

+Jd%me%E%MRWWﬂm (5.18)

where
0A(x, y) = i8(x — ) (5.19)
The change of ¥, up to a divergence term under the transformation (5.17)
is given by
0L = Ps(h, ®, v, 4, T, .. .)E°(X) (5.20)
where Ps are functions of multiplier fields, the CS field, the matter field,

and ghost fields. The invariance of the generating functional (5.12) under
the transformation (5.17) implies that

os

—u O O 0
{J% + iPs + NTo — 5. K{To T - 5K - T ; + iK4To 5K3

_8JH+ JZL_+ -aKa
W0uJo f 8]“ f HSKL SCH

— iC(Ts)pa 5_(;’7 + 5“[%” d*y C'Ao(x, y) )(TG);M S%}Z\J, K..]=0

(5.21)

where Jo are independent of the field variables.”* Let Z[J, K, ...] =
exp{iWJ, K, ...]} and use the definition of the generating functional of
proper vertices [[4, 7, ...] which is given by performing a functional
Legendre transformation on W[J, K, .. .],

+ ZC (TG)ab

T[4s, =t .. ] = WJH, KG, .. ] — J dx (JHAL + Kot 4+ ) (5.22)
oW — m
S8 ) Ai(x), SA%(x) Ja(x) (5.23a)
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- EZX) = (), 5255)() = —Ki(v) (5.23b)
Thus, the expression (5.21) can be written as
Jo + iPo — iV'Ts % + inT, % + T, 8‘11;,
—im Ty S 4 i, S — frd 5—5{, - fent 2
—zC"(TG){,;, i 5+ ZC”(TG)}M scljb

_ i&“l:@ (J d’y 55” Ao(x, ¥) )(TG);MC ] 0 (5.24)

Functionally differentiating (5.24) with respect to 4°(x1) and 45(x2) and setting
all fields (including the multiplier fields) equal to zero, one obtains

3110 __ T
H AT ()8 AL S ifped(x — x1) 454 () (5.25)

Functionally differentiating (5.24) with respect to C"(x1) and Z““(m) and setting
all fields (including the multiplier fields) equal to zero, one obtains

2 2
Todlx — )= — _ (7),5(x — 3y ="10—
SC(x1)8C () SCP(0)SC" (x1)
5TI0]

e '(x2)0C" (x1)04n(x)

" _ST&]_ _ _
+0 [au(Jd oy Ao(x, Y)(To)asd(x — x2) | =0 (5.26)

Expressions (5.25) and (5.26) are Ward identities for CS gaugerhost field
vertices. This approach to obtaining the Ward identities for proper vertices
has a significant advantage in that one does not need to carry out the integration
over the canonical momenta in the phase>space path integral.

The effective Lagrangian (5.13) is invariant under spatial rotation, and
the Jacobian of the transformation for field variables is equal to unity; from
(4.14) we obtain the quantal conserved angular momentum
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Ji=| d*x I~ Xk% — Xl% + m ; Ay — l.EYOSlk‘Jf
6)(1 6xk v

+ E(-xk%li - X i\ll_) + ;ct(-xkéL - -xléL)
X1

an aX] an
oct _act
+ (-xk 8)(1 X1 an )Pa} (527)
where
(Z) = &Zpu8ov — LpvEou (5.28)
% Ly
S = 5[V, Y4l (5.29)

and P, and P, are canonical momenta with respect to C“ and C*, respectively.

From this result we see that the conserved angular momentum at the
quantum level differs from the classical Noether one in that one needs to
take into account the contribution of the angular momentum of ghost fields in
the theories with a non»Abelian Chern—Simons term coupled to matter fields.

Similarly, we can proceed in the same way to study the BRS invariance
in phase space; the Ward identity for the BRS transformation and the BRS»
conserved quantity at the quantum level also can be deduced.

6. CONCLUSION AND DISCUSSION

In this paper we have studied the quantal canonical symmetry properties
for a system with a singular Lagrangian. The path integrals provide a useful
tool. The phase>space path integrals are more fundamental than the configura>
tiomspace path integrals. Based on the phaserspace generating functional of
the Green function obtained by using the Faddeev—Senjanovic path integral
quantization method for a system with a singular Lagrangian, the canonical
Ward identities under the local and nonlocal transformations in phase space
for a system with a regular/singular Lagrangian are derived, respectively.
The canonical Ward identities for the global transformation in phase space
are also derived. The conservation laws at the quantum level in the canonical
formalism for the global symmetry transformation are also deduced; in the
general case these conservation laws differ from the classical Noether ones.
A significant advantage of this formulation is that one does not need to carry
out the integration over canonical momenta in the phase>space path integral
as in the traditional treatment in configuration space.
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The application of the theory to non>Abelian CS gauge fields coupled
to a spinor field has been presented. The Ward identities for a nonlocal
transformation have been derived. A new form of the Ward identity for
the CS gauge>ghost proper vertices was obtained which differs from the
Ward-Takahashi identity arising from the BRS invariance. The quantal con»
served angular momentum arising from the invariance of spatial rotation was
obtained, and differs from the result derived from the classical Noether
theorem because one needs to take into account the contribution of the angular
momentum of the ghost fields. Recent work®” has studied the occurrence
of fractional spin for non»Abelian CS theories in the classical case. Whether
the fractional spin properties for non>Abelian CS theories are always valid
at the quantum level needs further study.

For Abelian CS theories in the Coulomb gauge the ghost fields are
absent in the pathyintegral quantization using the Faddeev—Senjanovic method
for a constrained Hamiltonian system. From expression (4.14), one can obtain
the quantal conserved angular momentum derived from the invariance of
spatial rotation which coincides with the result derived from the classical
Noether theorem.®’® Thus, the fractional spin and statistics in Abelian CS
theories are preserved in quantum theories.
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